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Abstract. Based on the eigenfunction symmetry constraint of the g-deformed 
modified KP hierarchy, a g-deformcd mKP hierarchy with self-consistent sources {q- 
mKPHSCSs) is constructed. The g-niKPHSCSs contains two types of g-deformed mKP 
equation with self-consistent sources. By combination of the dressing method and the 
pH ' method of variation of constants, a generalized dressing approach is proposed to solve 

the g-deformed KP hierarchy with self-consistent sources (g-KPHSCSs). Using the 
gauge transformation between the g-KPHSCSs and the g-mKPHSCSs, the g-deformed 
^ ' Wronskian solutions for the g-KPHSCSs and the g-mKPHSCSs are obtained. The 

OO , one-soliton solutions for the g-deformed KP (mKP) equation with a source are given 

^ ; explicitly. 
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1. Introduction 

In recent years, the g-deformed integrable systems attracted many interests both in 
mathematics and in physics (see, e.g., [1-13]). The g-deformation is performed by using 
the g-derivative dq to take the place of ordinary derivative dx in the classical systems, 
where g is a parameter, and the g-deformed integrable systems recover the classical ones 
as g -T^ 1. The g-deformed integrable systems usually inherit some integrable structures 
from the classical integrable systems. Take the g-deformed KP hierarchy as an example, 
its r-function, bi-Hamiltonian structure and additional symmetries have already been 
reported (see [3 El El [13] and the references therein) . 

Mult i- component generalization of an integrable model is a very important subject 
(see, e.g., [14-16]). For example, the mult i- component KP (mcKP) hierarchy given in 
[H] contains many physically relevant nonlinear integrable systems, such as Davey- 
Stewartson equation, two-dimensional Toda lattice and three-wave resonant interaction 
ones. Another type of coupled integrable systems is the soliton equation with self- 
consistent sources, which has many physical applications and can be obtained by 
coupling some suitable differential equations to the original soliton equation [17-23]. 
Recently, a systematical procedure is proposed to construct a KP hierarchy with self- 
consistent sources and its Lax representation p^ 125] . This idea can be used to the 
g-deformed case, i.e., by introducing a new vector filed dr^, as a linear combination of 
all vector fields dt^ in the g-deformed KP hierarchy, then one can get a new Lax type 
equation which consists of the r^-flow and the evolutions of wave functions. Under the 
evolutions of wave functions, the commutativity of c^T-fe-flow and 9i^-flows gives rise to a 
g-KP hierarchy with self-consistent sources (g-KPHSCSs) ||26j. The g-KPHSCSs consists 
of t„-flow, Tfc-flow, and t„-evolutions of the eigenf unctions and adjoint eigenfunctions. 
This g-KPHSCSs contains two types of g-deformed KP equation with self-consistent 
sources (Isi-g-KPSCS and 2nd-g-KPSCS), and the two kinds of reductions of the g- 
KPHSCSs give the g-deformed Gelfand-Dickey hierarchy with self-consistent sources 
and the constrained g-deformed KP hierarchy, respectively, which are some (1+1)- 
dimensional g-deformed soliton equation with self-consistent sources [26] . 

The dressing method is an important tool for solving the soliton hierarchy [27] . 
However, this method can not be applied directly to solve the hierarchy with self- 
consistent sources. In this paper, with the combination of dressing method and the 
method of variation of constants, a generalized dressing method for solving the g- 
KPHSCSs is proposed. In this way, we can get some solutions of the g-KPHSCSs 
in a unified and simple procedure. As a special case, the A^-soliton solutions of the two 
types of g-KPSCS's are obtained simultaneously. 

To our knowledge, compared to the study on the g-deformed KP hierarchy, there are 
less results on the g-c?e/ormec? modified KP hierarchy (g-mKPH). Takasaki studied the 
g-mKPH and its quasi-classical limit by considering the g-analogue of the tau function 
of the modified KP hierarhcy [12]. As another part of this paper, we will present 
the g-mKPH explicitly, and then construct an g-deformed mKP hierarchy with self- 
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consistent sources (g-mKPHSCSs) on the base of eigenfunction symmetry constraint. 
The g-mKPHSCSs provides a unified way to construct two types of g-deformed modified 
KP equation with self-consistent sources (Isi-g-mKPSCS and 2n(i-g-mKPSCS). Then 
a gauge transformation between the g-KPHSCSs and the g-mKPHSCSs is presented. 
Since the Wronskian solutions to the g-KPHSCSs have been obtained by a generalized 
dressing approach in former part of this paper, the gauge transformation enables us to 
get the explicit formulation of g-deformed Wronskian solutions for the g-mKPHSCSs. 
It should be noticed that a general setting of "pseudo-differential" operators on regular 
time scales has been proposed to construct some integrable systems [281 ISHj, where the 
g-differential operator is just a particular case. 

This paper will be organized as follows. In Sec. 2, we briefly recall how to construct 
the g-KPHSCSs and its Lax representation, and it is shown that the g-KPHSCSs includes 
two types of the g-KPSCS. In Sec. 3, a generahzed dressing method for the g-KPHSCSs 
will be proposed. In Sec. 4, a g-deformed mKP hierarchy with self-consistent sources 
(g-mKPHSCSs) will be constructed, and which includes two types of g-deformed mKP 
equation with self-consistent sources. In Sec. 5, the gauge transformation between the 
g-KPHSCSs and the g-mKPHSCSs is established. In Sec. 6, the one-soliton solutions 
of the g-deformed KP (mKP) equation with a source are obtained. In the last section, 
some conclusions and remarks will be given. 

2. The g-KP hierarchy with self-consistent sources (g-KPHSCSs) 

First, we introduce some useful formula for g-KP hierarchy. We denote the g-shift 
operator and the g-difference operator by 6 and dq, respectively, where g is a parameter. 
These operators act on a function /(x) (x G R) as 

eif{x)) = f\qx), a,(/(x)) ^ -^^^^^ ~ ^^"^^ 



x{q — 1) 

In this paper, we use P{f) to denote an action of a difference operator P on the function 
/, while P o f = Pf means the multiplication of a difference operator P and a zeio-th 
order difference operator /, e.g., dgf = {dg{f)) + 9{f)dg. 

Let d~^ denote the formal inverse of dg. In general, the following g-deformed 
Leibnitz rule holds 






\d'm-', neZ, (2.1) 



where the g-number and the g-binomial are defined by 
. ^ _ g" - 1 /n\ _ {n)g{n-l)g---{n-k + l)g 

^""^^ g-1' Uy, {l)g{2)g...{k)g 




1. 



For a g-pseudo-differential operator (g-PDO) of the form P = Yl Pidg, we decompose 

i=—oo 

P into the differential part P+ = J2 Pidl and the integral part P- = J2 Pidl- And the 

j=0 i<-l 
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n , n , 

conjugate operation "*" for F = Y, Pid\ is defined by P* = Y, {dgYpi with 

i=— oo i=— oo 

d; = -d,9~' = --d,, {d^r = {d;)-' = -ed-\ 

1 q 1 

The g-exponent eq{x) is defined as 

Then it is easy to prove that d^{eq{xz)) = z^Cq^xz), fc G Z. 

The Lax equation of the q-KP hierarchy (g-KPH) is given by (see, e.g., [7]) 

Lt„ = [Bn, L] = BnL — LBn, (2.2) 

where L = dq + UQ + uidq^ + U2dq'^ + ■ ■ ■, Bn = L^ stands for the differential part of L"'. 
For any fixed /c G N, by introducting a new variable r^ whose vector field is 

N 
i=l s>0 

where Cj's are arbitrary distinct non-zero parameters, then a g-deformed KP hierarchy 
with self-consistent sources (g-KPHSCSs) can be constructed as following [26] 

AT 

Lr, =[Bk + Y.(Pi9;'4^i,L], (2.3a) 

L,„ =[Bn,L], ynj^k, (2.36) 

(t>^,t„ = Bn{(t>^), i^,,t„ = -B:{iJi), t = l,---,N. (2.3c) 

The following proposition is proved in [26]. 

Proposition 1 The commutativity of Ii2. 3a\) and Ii2. 3h\) under Ii2. 3c\] gives rise to the 
following zero- curvature representation for q-KPHSCSs ( (^.gj) 

N N 

Bn,r, -{Bk + Y. <P^^-^A)tr. + [^n, ^fc + ^ <P^^q^A] = 0, (2.4a) 

0,,i„ =i?„(</>.), V'Mn = -5:(^^), z = l,2,---,iV, (2.46) 

with the Lax representation given by 

N 

vl>,„ = S„(vl/), v[/,^ = (i?, + ^04-V.)(*). (2.5) 

Two kinds of reductions of the g-KPHSCSs (12.31) are also studied in [26], these 
reductions give many (l-l-l)-dimensional g-deformed soliton equation with self-consistent 
sources, e.g., the g-deformed KdV equation with sources, the g-deformed Boussinesq 
equation with sources. 

For convenience, we write out some operators here 

Bi = dq + uo, B2 = dl + vidq + vo, Bs = dl + Sid] + sidq + sq, 
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0.9-^^ = r^id-^ + r^^df + rad^"" + . . . , z = 1, . . . , A^, 

where 

f 1 = 9{uq) + Wo, ^^0 = {dqUo) + d{ui) +ul + Ml, 

f_l = ((9qMl) + ^(^2) + UqUi + Ui9~^{Uq) + ^2, 

S2 = e{Vi) + Mo, Si = {dqVi) + 61(^0) + Mo^l + ^^1, 

■50 = {dqVo) + 0{v^i) + UqMo + Uie'^{vi) + M2- 

Til = 0i0~^(?/;i), ri2 = — (piO-^idgiJi), ri^ = —^ie-^{dli)i). 

and f _i comes from L"^ = B2 + v^id^^ + V-2d~'^ + • • •. 
Then, one can compute the following commutators 

[B2, Bs] = f2dl + hdq + /o, [S2, 0^5- v.] = gudq + ^.0 + . . . , 

[S3, 0i(9g~ Vi] = hi2dl + /lii^g + /lio + • • • , i = 1, . . . , A^, 

where 

/2 = ajs2 + (g + l)9{dqsi) + ^2(so) + t;ia,S2 + viOisi) + t;oS2 - (g' + g + l)^(9>i) 

-(g2 + g + l)e\dqV^) -{q + l)s2e{dqV^) - S29\vo) - S,e{v,) - So, 

/i = 5^1 + (g + l)^(5,So) + vid.s, + r;i^(so) + i;oSi - d^v^ - (q' + q + l)^(9jt;o) 
-S2dgVi - {q + l)s20{dqVo) - sidgVi - si6{vo) - sqVi, 

/o = dgSo + VidgSo - 9gt;o - S2dgVo - SidgVo, 

gn = d'^{rii) - Til, Qio = (g + l)9{dqrii) + 9'^{ri2) + Vi9{rii) - rii9~^{vi) - ri2, 

h2 = 9\r,^) - r,i, /i.i = {q^ + q + l)9\dqr,^) + 9\r,2) + S2^'(r,i) - r,i9-\s2). 

hio = {q^ + q + l)^(ajr,i) + {q^ + q + l)9\dqr,2) + ^'(r.g) + {q + l)s2^(9,r,i) 

+S2^^(ri2) + si9{ra) - rii9-\si) + -rii^~^(a^S2) - r,2r^(s2) - r^. 

Now, we list some examples in the g-KPHSCSs fl2.4p [26j. 

Example 1 The first type of q- deformed KP equation with self- consistent sources (1st- 
q-KPSCS) is given by l[2.4\) with n = 2 and k = 3 

- ^ + /2 = 0, (2.6a) 

OT2 

|^_|,,„,|,,.0. (2.0, 

0,,i, = S2(0i), ^,,i, = -S2*(^,), 2 = 1,2, •■•,]¥. {2.6d) 

Let q ^ 1 and Uq = 0, then the Ist-q-KPSCS reduces to the first type of KP equation 
with self- consistent sources Jl7| [7g| d^. 
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Example 2 The second type of q-deformed KP equation with self- consistent sources 
(2nd-q-KPSCS) is given by ^^^ with n = 3 and k = 2 

(2.7a) 
{2.7b) 

.. ^ ^^ . (2.7c) 

0,,i3 = 53(0,), ^,,i3 = -53*(^,), z = l,2,---,iV. (2.7d) 

Let g — > 1 and uq = 0, then the 2nd-q-KPSCS reduces to the second type of KP equation 
with self- consistent sources fTl[ \2^ . 



US2 
dT2 






^s^ 

dT2 


-0 fi + YM 

Ot-i .^1 


= 0, 


dso 




= 0, 



3. Generalized dressing approach for the g-KPHSCSs 

We will first give the dressing approach for the g-KPH fl2.2p . Assume that the operator 
L of g-KP hierarchy (12. 2p can be written as a dressing form 

(3.1) 



L = SdgS-\ 



(3.2) 



with S = d^ + wid^~^ + W2d^-' + --- + WN. 

It is easy to verify that if S satisfies the Sato equation 

then L defined by (13. ip satisfies the q-KP hierarchy (12. 2p . 

If there are A^ linearly independent functions hi, ... , h]\f solving S{hi) = 0, then 
wi, . . . ,wn are completely determined by solving the linear equations 



/ hi dg{hi) 
h2 dg{h2) 



d^-\hi) \(wn\ 

d^-\h2) WN-l 



V hr, <9,(M ••• 5f-i(M J \ wi J 

Then the operator 5" can be written as 

hi /i2 

dq{hi) dq{h2) 



( d^ihi) \ 
dnh2) 



V d^{h^) J 



S 



Wrd(/ii,---,M 



hN 
dg{hN) 



d„ 



where 



Wrd(/ii,---,M 



d^ihi) d^{h2) 

hi /i2 

dq{hi) dg{h2) 



dr'ihi) d!:~\h2) 



d^ihN) d, 
dg{hN) 



M 



(3.3) 



d^~^ih 



N 
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Remark 1 The denominator of S \3.'J\) is actually a q- deformed Wronskian 
determinant, so we may denote it as Wrd(/ii, • • • , /iat). The numerator of S h3.3\) is 
a formal determinant, which is denoted by Wrd(/ii, • • • , h^, dq). It is understood as an 
expansion with respect to its last column, in which all suh- determinants are collected on 
the left of the difference operator 9^ . 

Then, we have the dressing approach for the g-KP hierarchy fl2.2p as the following. 

Proposition 2 Assume that hi satisfies 

h,,t^ = d^^{h), ^ = l,---,iV, (3.4) 

and S and L are constructed as l[3.3\) and ( 15*. 1\) respectively, then S and L satisfy the 
Sato equation l\3.^) and the q-KP hierarchy l\2.^) . 

Proof Apply partial derivative dt„ to the equation S{hi) = 0, and notice that /ij's are 
linearly independent, then we have St„ + L"iS = 0. This completes the proof. 

Unfortunately, the dressing approach given above can not provide the evolution 
with respect to the new variable r^. Now we will generalize the dressing approach to 
solve the g-KPHSCSs (12. 3p and give exact formulas for (/)i and ijji. First, we have the 
following lemma. 

Lemma 1 For any q-pseudo- operator S, if S satisfies 

St^ = -LIS (3.5a) 

N 

Sr, = -LtS + Y. ^^^;'i^^S. (3.56) 

i=l 

then L defined by ( 15*. 1\) satisfies ^2. 3a\l and ^2.3b\} . 

Proof We only write out the proof for (12.3 a^ . 

Lr, = SrAS'' - SdgS-'Sr,S-' = (-L^_ + ^ (P,d;'ij,)L + L{Lt - Y. ct>idq'^i) 

i i 

N 

= [-Lt + E ^^^g%, L] = [B, + Y <P^^-'i^^, L]. 
i i=l 

This dressing operator 5" can be constructed as following. Let fi and gi satisfy 

At. = d^{f^), f^,r,=^lUi) (3.6a) 

9i,t^ = d:;{gi), g,,r,=d'^{gi), i = l,...,N. (3.66) 

And let hi be the linear combination of fi and gi as 

hi = fi + ai{Tk)gi, i = l,...,N, (3.7) 

with the coefficient «« being a different iable function of r^. Suppose hi,...,hN are 
linearly independent. Then clearly 5" defined by (13. 3 p and (13. 7p still satisfy (13. 2 p 
according to Proposition [2l To claim that S satisfy ( I3.56p . we present 

<^. = -aM9.), V^. = (-l) e(^ Wrd(/.„---,M j' ^'-'^ 
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where the hat " means to rule out this term from the g-deformed Wronskian determinant, 
and Q-i = ^. Then we have the generahzed dressing approach for the g-KPHSCSs (12.31) 
as the following proposition. 

Proposition 3 Let S he defined by 1^3. 3\} and (X?j, L = SdqS^^ , (/){ and ipi be given by 
^EW, then S satisfies / TO]) and L, (pi, i/ji satisfy the q-KPHSCSs J^iK^) . 

To prove Proposition El we need several lemmas. The first one is the g-deformed 
version of Oevel and Strampp's lemma [30] . 

Lemma 2 (Oevel and Strampp fSUf) Under the condition of Proposition (3 we have 

N 

Lemma 3 Under the condition of Proposition 0, we have d^^S*{ilJi) = 0, for i = 
1,...,N. 

Proof It can be proved that 

{d;'ij,S)^ = d^'S*{i;,). (3.9) 

Using Lemma |2l we have 

N N 

= idj^s-' o 5)_ = i^lY.h^^;%S). = iJ29l{h.)d;'^p,S). 

i=l 1=1 

N 

= J2dl{k^d;'S*{ibi), J = 0,1,2,.... 

Solving the equations with respect to d~^ S* {ipi) , we get Lemma |3l 

Lemma 4 Under the condition of Proposition\^ the operator dq^ipiS is a non-negative 
difference operator and 

{d-'ij,S){h,) = S,j, l<i,j<N. (3.10) 

Proof Lemma Eland 03. 9p implies that d'^cpiS is a non-negative difference operator. 
We define functions Cij = {dg^tlJiS){hj), then dq{cij) = ipiS{hj) = 0, which means Cij 
does not depend on x in the sense of g-deformed version. From Lemma [21 we find that 

N 

aJ(E/^.9-V.5(/i,)) 

i 

since the functions /ii, /12, ■ ■ ■ , /iAf are linearly independent, we can easily conclude that 
c • = S- 



N 


N 


N 


H^tihy.^ 


= T.9g{h,C,j)-- 


= ^'qiY.h^C^J 


i=i 


i=l 


i=l 
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Proof of Proposition O 

Analogous to the proof of Proposition [2|, we can prove fl3.5ap . For fl3.56|) . taking 
dr^ to the identity S{hi) = 0,we find 

N 

= (SrJiK) + iSd';)ihi) + a,Sig,) = (5.J(/i.) + iL'S)ih,) - ^ 0,5,, 

N 

= {s^, + Its -Y.<p,d-'i,,s){K). 

Obviously, 5"^-^. + L^S is a pure difference operator of degree < A^. and moreover 

N 

using Lemma HI J2 (pjdq^ifjjS is also a pure difference operator of degree < N. so 

N 

Sr^ + L^S — J2 4'j9q^iJjS is a pure difference operator of degree < A^. Since the non- 

negative difference operator acting on hi in the last expression has degree < A^, it can 
not annihilate A^ independent functions unless the operator itself vanishes. 

Hence (I3.5P is proved. Then Lemma [1] leads to fl2.3ap and (12.36p . 

The proof of the first equation in fl2.3cp is the following. 

^iA = -(^i{S{gi))tn = -a('5t„ + Sd^){gi) 

= -dii-LlS + L^S){gi) = -aBr^Sig,) = 5„(0,). 

And it remains to prove the second equation in (12.3 cp . Firstly, we see that 

N N 

N N 

= j:dqih,)d;%-j:h.d;'B:iij,). 

i=l i=l 

N N N 

On the other hand, (S'"^)t„ = (E hid^^'il)i)t^ = E dg{hi)d~'^i!i - E hidg^ilJi^tn, so we 

4 = 1 j=l 4 = 1 

N 

have J2 hid~^{B^{ipi) + ipa^) = 0. Since hi, i = I, ■■■, N are linearly independent, it is 

i=i 
easy to get ^i,t„ = -Bl{ipi). 

Thus, we proved Proposition |3] (the generalized dressing approach for the q- 

KPHSCSs ([23D). 

4. The g-mKP hierarchy with self-consistent sources (g-mKPHSCSs) 

In this section, we will construct the g-deformed mKP hierarchy with self-consistent 
sources (g-mKPHSCSs). The Lax operator L of g-mKP hierarchy is defined by 

L = udq + uo + uid~^ + 1128'"^ H . 

And the Lax equation of g-mKP hierarchy is given by 

Z,„ = [s„,Z], s„ = (Z")>i. (4.1) 
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The 9i„-flows are commutative with each other, and we can easily deduce the zero- 
curvature equation 

Bn,tm ~ -Sm,t„ + [Bn, ^m] = 0. (4.2) 

When n = 2 and m = 3, we get the g-mKP equation. If we take g — ?■ 1 and -u = 1, then 
the g-mKP equation will reduce to the mKP equation 

4t't - t^xxx + Qv'^v^ - 'i{D~^Vyy) - 6v.^{D~^Vy) = 0, 

where t := ^3, y := ^2, v := Mo- 
According to the squared eigenfunction symmetry (see [3T| [32] and the references 
therein), we can construct a q-iuKP hierarchy with self-consistent sources {q- 
mKPHSCSs) as 

_ TV _ _ _ 

K =[Bk + J2<P^^;'^^^,,^, (4.3a) 

1=1 

Lt„ =[S„,Z], Vn^fc, (4.3&) 

4>iU =Bn{4>^). (4.3c) 

V;,,i„ = -{d,Br,d~y{i,,), z = 1, ■ ■ ■ , AT. (4.3(i) 

Then it is easy to get the zero curvature equation for the g-mKPHSCSs (14. 3 p 

N _ _ __ ^_ 

Bn,r, -{Bk + Y. (p^^;'iJi^g)t„ + [S„, Sfe + ^ 0^5" V^'9,] = 0. (4.4) 

1=1 i=l 

Under the condition (14.3 d) and fl4.3d[) . the Lax pair for the g-mKPHSCSs (14.31) is given 

by 

_ iv _ _ 

First, for convenience, we write out some operators here 

Bi = udg, B2 = V2dl + vidq, B-i = ssd^ + 828^ + sidq, 
(l)id-^iJidg = fiQ + fiid~^ + fia^"^ H , z = 1, . . . , A, 



where 



V2 = u9{u), vi = u{9{uo) + uo + dg{u)), 

vq = Ui6^^{u) + ul + u6{ui) + udg{uo), 

S3 = U6{V2), S2 = Udq{v2) + U9{vi) + Mo^2, 

Si = udqiVi) + u9{Vq) + UqVi + Ui9'^{v2)., 

and wq comes from L"^ = B2 + vq + V-id^^ + • ■ •. 

Then, one can compute the following commutators 

[^2,53] = f^dl + hdl + hdq, jB2A^d;%dq]=g,2dl+gadq + 

[S3, ^id-'ijidq] = hisd' + hi2dl + hldq + ■ ■ ■ , Z = 1, . . . , AT. 
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where 

h = V2dl{h) + {q + I)v2e{d,{s2)) + v^e^-s^) + v,d,{s^) + v^e{s2) -{q^ + q + I)h0{dl{v2)) 
-{q' + q + l)ss9^{d,{n)) -{q + 1)52^(5,(^2)) - s^O^iv,) - s^9{v2), 

h = V2dl{s2) + {q + l)v2e{d,{s,)) + v,d,{~S2) + v,e{s,) - rs^dl{v2) 

-{q^ + q + l)s3^(aj(i?i)) - S2dl{v2) -{q + l)s2e{d,{v,)) - Sid,{v2) - s,9{vi), 

/i = ^^25^(51) + vidg{si) - hdqivi) - S2dg{vi) - sidq{vi), 

gi2 = V2[0'^{rio) -rio], 

Qii = {q + l)v29{dg{rio)) + V20'^{fii) + vi0{rio) - VioVi - riie~^{v2), 

hi3 = S3[6'^(r:jo) -Tjo], 

hi2 = {q^ + q + l)hO\dg{rio)) + hOHru) + S2e\rio) - r^oSs - ri^r^{l^), 

ha = {q' + q + 1)53^(^2(^,0)) + {q' + q + me\dg{¥a)) + hOHr^2) + {q + l)s2^(a,(r,o)) 

+S29\ra) + si^(rio) - r^oSi + -raO-^dgiss)) - ^^1^-^(52) - r,29~\s3). 

q 

Now, we can list the two types of g-iiiKP equations with self-consistent source. 

Example 3 When n = 2 and k = 3, the q-mKPHSCSs IJi4-3\ ) gives the first type of 
q-mKP equation with self- consistent sources (Ist-q-mKPSCS) 

- ^ + /3 = 0, (4.5a) 

OT2 

|_|H-/.H-p..^O. (4.5c, 

^i,t, = B2{^i), iJi,t, = -idgB2d^')*{^i), t = l,2,...,N. {A.5d) 

Let g ^ 1 and u = 1, then the first type of q-mKP equation with self- consistent 
source ( [^.5| j reduces to the first type of mKP equation with self- consistent sources which 
reads as 

N 

4tto,t - Uq^xxx + QuIuq^x - 3D'^uo^yy - QuQ,j.D'^UQ^y + 4^((/)i'0i)^ = 0, 

4'i,y = 4'i,xx + 2«o0j,a;, 

^i,y = -i'i,xx + 2ito^i,x, i = l,...,N, 

where t := r3, y := ^2. 

Example 4 When n = 3 and k = 2, the q-mKPHSCSs ( [^.3[ ) gives the second type of 
q-mKP equation with self- consistent source (2nd-q-mKPSCS) 

^-/3 + E^^3 = 0, (4.7a) 

9^2 U 

t-f-A.|..^0, (4.., 
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^,,i3 = BS^), i^^,ts = -{dgB^d^'riij,), ^ = 1, • • • , iV. (4.7rf) 

Let q -^ 1 and u = 1, then the second type of q-mKP equation with self- consistent 
source ([^.7[j reduces to the second type of mKP equation with self- consistent sources 



which reads as 

4So,t - Uq^xxx + 6SoMo,x - 3D'^uo,yy - 6uo,xD'^Uo,y 

N 

+ Y^[3{(j)ii>i^^^ - (j)i,xxi^i) - 3{(j)itpi)y - 6{uo(j)itpi)^] = 0, 

,„ 3 _ 3~ 3~ 3^~~~ 

0j,t = (l>i,xxx + 3Uo(pi^xx + -(^"^2o,y)0J,x + -Uo^x<Pi,x + -jul(j)i^^, + - ^{(t>j'4'j)4>i,x, 

_ _ .^ 3 .^ 3_~ 3_~ 3^~~~ 

where y := r2, t := ts- 

5. The gauge transformation between the (/-KPHSCSs and the 
g-mKPHSCSs 

In this section, we will give a gauge transformation between the g-KPHSCSs and the 
g-mKPHSCSs. 

Proposition 4 Suppose L, 0j 's, and ifji 's satisfy the q-KPHSCSs Ii2.3\) . and f is a 
particular eigenfunction for the Lax pair Ii2.5\) of the q-KPHSCSs, i.e., 

N 

fu = B„if), fr, = (B, + ^0,9;V^)(/), 

1=1 

then 

L:=f-'Lf, Ji:=f-%, ^^ := -09"^^) = (^-^riM), (5.1) 

satisfy the q-mKPHSCSs g;^. 

Proof Since / is the eigenfunction of the Lax pair (12.51] for the g-KPHSCSs, then 

Lt^ = {r'Lf)t^ = -f-'B^{f)f-'Lf + f-'[B^,, L]f + f-'LBM) 

= -f-'Bn{f)L + [f-'Bnf, L] + Lf-'BM) = ir'BJ - f-'BM),L] = [i?„, L], 

here it is used that A := f-'B^f - f-^B^{f)^= f-^[{L^f)>o - (^")>o(/)] = 
f~^{{L^''f)>i) = {f~'^L^f)>i = L>;^, and we denote L^^ by i?„. Moreover, we have 

_ N N 

L., = (r^L/),, = -f-\B^ + Y.'Pid-^i^i)U)r'Lf + f-\B^ + Y.^,d-'ij,,L]f 

i=l i=\ 

N 



+f-^L{B, + Y.<f>,d;'ij,){f) 



i=l 
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= [r\B, + ^ 0.a-v.)/ - r\B, + ^ <^,a-v,)(/), Z] 

= [5fc, L] + ^[0.a-^ o ^,a„ L] = [s, + ^ 0.a-V.5g, L], 

= (/-iL"/)>i(0,) + (/-iL%(/))(0,) - f-'LUm = Bni^i), 

= -{d-y[{{r'L-f)>,rdi{A) - {n>o{f)r'd;m 

= -{d;'nif-'L-f)>,rd;{A) = -{d-'YKdim = -{d,B^d-rm- 



This completes the proof. 

Therefore, if a special eigenfunction / for the Lax pair fl2.5p of the g-KPHSCSs 
is given, then we can get a solution of the g-mKPHSCSs by the gauge transformation 
(15.11). Here we choose 



f= cn^ = ( .^N '^^di9q{hl),^q{h2),■■■,^g{hN)) 
^ ^^ ^ > Wrd(/ii,/i2,---,M 



(5.2) 



as the particular eigenfunction for the Lax pair fl2.5p of the g-KPHSCSs, where 5" is 
the dressing operator defined by (13.31) and (13. 7p . Then the Wronskian solution for the 
g-mKPHSCSs is 

1 -1 



L = r'Lf 

(f)i = .f~^<pi -- 



WTd{hi,---,hN,dq) 



-a 



Wrd(/ii,---,/ijv,9g 



Wrd(a,(/ii), ■ • ■ , a,(/i^)) ' [Wrd(a,(/ii), • ■ • , d,{hM))\ 
Wrd(/ii,/i2,---,^JV,5'i) 



— Oj 



Wrd(a,(/ii),a,(/i2 



,dg{hN))' 



A = -0d-\f^,) = 9 



/wrd(a,(/ii),---,a,(''/i,),---,5,(/i^))^ 






Wrd(/ii, h2,- ■ ■ ,h 



N 



(5.3a) 
{5.3b) 

i = l,...,N. (5.3c) 



The above expressions for L and (pi's can be easily known by straightforward calculation, 
and the above expressions for f/^j's can be derived as follows. First, we see 



N 



N 



N 



Y.9{h,)iJi = Y^e{-h,d;\ijj)) = 9{{J2-h,d;'ij,){f)) = e{s-'s{i)) = i. 



i=l 



i=l 



i=l 
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And moreover we have the following relation (for A; > 1), 

TV _ ^ 

i=l i=l 

N 

= E e[-d,{dl-\h.^ . d~\Af)) + e{dl-\h.;) • Af)] 

i=\ 

N k~l 

i=l j=0 

fe-1 N 

j=0 i=0 

Notice the definition of ipi's fl3.8p and J2 d{di{hi))il)i = 5j n-i, i = 0, 1, . . . , A^ — 1, then 

Af ~ 

we have J2 ^{dn{hi))ipi = 0, for A; = 1, . . . , A^ — 1. Then using the Cramer principle, we 

i=i 

can get the exact form of ^j's fl5.3p . 

6. Solutions of the g-KPHSCSs and the g-mKPHSCSs 

The generalized dressing approach (Proposition [3]) and the gauge transformation 05.11) 
give us a simple way to construct explicit solutions of the g-KPHSCSs and the q- 
mKPHSCSs. Here we use the first type of g-KP equation with self-consistent sources 
(I2.6P and the first type of g-mKP equation with self-consistent sources (14. 5p as the 
examples. 

If we choose 



u 



eq(Ai2;)exp(Ajt2 + A^ts) = eg(Ajx)e 



Qi := eg(/iix)exp(/i^t2 + ix^iT'i) = eq{fiix)e'^\ 

hi := fi + ai{T^)gi = eg{\ix)e^' + ai{Ts)eg{fiix)e'^% i = l,...,N, 

then the generalized dressing approach (Proposition [3]) enables us to get the soliton 
solutions to the first type of g-KP equation with sources (12. 6p . 

Example 5 (One-soliton solution to the Ist-q-KPSCS ^2.0^) ) Let N = 1, then 

S = dg + wo, wo = 7 — . 

h 

Notice that LS = Sdq, i.e., {dq + uq + uid^^ + • • ■){dq + wq) = {dq + wo)dq, then the 
generalized dressing approach (Proposition {^ gives the one-soliton solution to the first 
type of q-KP equation with one source ( Ii2. 6\) with N = 1) 

uo = il-9)iwo) = i9-l)i^^) 

hi 

_ Xieq{Xiqx)e^^ + ai{T3)fiieq{^iqx)e''^ _ Xieq{Xix)e^^ + ai{T3)fiieq{fiix)e''^ 

eq{Xiqx)e^^ + ai{T3,)eq{fiiqx)e'^^ eg(Aix)e«i + ai(T3)eg(yUix)e''i 
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ui = -[dg{wo) + (1 - 9){wo)wo] 



dghi fdghi 



hi \ hi ) 

\\eq{Xix)e^^ + ai^\eq{jjiix)e^^ f \ieq{\ix)e^^ + aifj,ieq{fiix)e^^ \ 
eq{Xix)e^^ + aieq{fiix)e^^ \ eq{Xix)e^^ + aieq{fiix)e^^ J 

I a^i,dq{hi) Aieq(Aig~^2:)e^i + ai//ieg(/iig~^x)e''i 

u, = -uie iwo)=uie {^^) = ui ,^(;,^^-i,),a+.,e,(/.,g-ix)e^^ ' 

_ ■ hidq{gi) - dq{hi)gi _ dai _\ieq{\ix)e^^ + ai{T'i)iiieq{^iix)e''^ - 

(pi CXi Cq^^iXjC [/ii 



hi dr^ eg(Aix)e^i + a;i(r3)eg(/ii2;)e^i 



V'l = Oil) 



u 



hi eq{\iqx)e^^ + ai(T3)eg(/iiga;)e''i ' 

Example 6 (One-soliton solution to the Ist-q-mKPSCS ( [^.5] jj Let N = 1, then by 
gauge transformation, the formulae ( f5.3|) gives 

L = udq + Uo + Uld~^ H = {Wldq - l)dq{Wldq - 1)"\ Wl = r, ,, y 

this enables us to get the one-soliton solution to the first type of q-mKP equation with a 
source ((J^ '^^^h N = 1) 
Wl hi9{dqhi) 

9M ^ dq{hi)e{hi) 

(eq(Aix)e^i -\- aieq{fiix)e^^){Xieq{\iqx)e^^ + ai/iieg(/iigx)e''^) 
(Aieg(Aix)e«i + ai(r3)^ieg(/iix)e'?i)(e,(Aigx)e«i + ai{Ts)eq{fiiqx)e'i^)' 

Mo = —[u - 1 - udq{wi)] = % — 

Wl dq{hi) hi 

\\eq{\ix)e^^ + ai^leq{fiix)e^^ Xieq{Xix)e^^ + aifiieq{fiix)e^^ 

Aieg(Aix)e^i + ai/iieg(/iix)e^i eg(Aix)e^i + aieg(/iia;)e^i 

_ _ Mo __ 6~^{dqhi) __ Aieg(Aig"^a;)e^^ + ai/iieg(/iig"^2;)e''i 

T ^ _ . hdqjgi) - dq{hi)gi ^ _da]_ ^ eg(Aix)e^^ + aieg(^ix)e^i _ 

dq{hi) dr^ '^ Aieg(Aix)e^i + aifiieq{iiix)e^^ 

^1 = ^(l^) 



^1 eg(Aiga;)e^i + aieq{^iqx)e^^ 

7. Conclusions 

In this paper, we generalized the dressing approach for the g-KP hierarchy to the g-KP 
hierarchy with self-consistent sources (g-KPHSCSs) by combining the dressing method 
and the method of variation of constants. The usual dressing method for the g-KP 
hierarchy can not provide the evolution to the new Tk variable. By introducing some 
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varying constants, say a(T,fc), we can obtain the desired evolution to r^. In this way, we 
constructed the g-deformed Wronskian solutions to the g-KPHSCSs, and got the exact 
form for the sources 0i's and ^j's. 

On the base of eigenfunction symmetry constraint, we constructed a g-mKP 
hierarchy with self-consistent sources (g-mKPHSCSs) which contains two series of time 
variables, say t„ and r^. The first and second type of g-mKP equation with sources 
(g-mKPSCS) are obtained as the first two non-trivial equations in the g-mKPHSCSs. 
And when g — )■ 1 and w = 1, the g-mKPHSCSs reduces to the mKP hierarchy with 
self-consistent sources [25] . 

A gauge transformation between the g-KPHSCSs and the g-mKPHSCSs is 
established in this paper. By using the gauge transformation, we found the Wronskian 
solutions for the g-mKPHSCSs. The one-soliton solutions to the g-KP equation with a 
source ( (12.61) with A^ = 1) and to the g-mKP equation with a source (f l4.5p with A = 1) 
are given explicitly. 

It is interesting to consider if there exist solutions in the g-deformed case, which are 
not surviving hmit procedure to the classical case. This will be studied in the future. 
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